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Optimal dispersive estimates for the wave equation with C^ 1 
potentials in dimensions 4 < n < 7 
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Abstract. We prove optimal dispersive estimates for the wave group e %t ^ A+v for a class of 



real-valued potentials V G C 2 

n— 3 
2 ■ 



"(R n ), 4 < n < 7, such that d°V(x) = 0({x 



-S\ 



5 > 

o ^ 2 ; 



a < 



1 Introduction and statement of results 

It is well known that the free wave group e lt ^° (Go being the self-adjoint realization of —A on 
L 2 (R n ), n > 2) satisfies the following dispersive estimates 



(^)-^^(G ) 



MO, 



e^(^)-^(G )- 
for every < e< 1, and 



L 1 — >-L°° 



< C e |tr— log(2 + |t|), ^0, 



., /7=j — , a(n + l) 



< C|t| 



a(n — 1) 



;i.2) 
;i.3) 



for every 2 < p < +00, where l/p+ 1/p' = 1 and a = 1 — 2/p. Note that (1.1) and (1.2) do not 
hold with e = 0. 

The problem we address in the present paper is that one of finding as large as possible class 
of real-valued potentials, V, such that the self-adjoint realization, G, of the operator —A + V 
on L 2 (R n ) satisfies estimates similar to (1.1)-(1.3). In dimensions two and three this problem 
is actually solved and in particular one knows that no regularity of the potential is needed 
in order to have analogues of (1.1)-(1.3) for the operator G (see [3], [TT], [6], [8]). The same 
conlusion remains true in higher dimensions as far as the low and the intermediate frequencies 
are concerned (see [TO], p2]), while at high frequencies one is obliged to loose derivatives if no 
regularity of the potential is required. Indeed, dispersive estimates with a loss of derivatives 
for the perturbed wave group were proved in [12] for potentials V G L 00 (R™) satisfying 



\V(x)\<C(x)- 



Vx G R n , 



with constants C > and 5 > ^^p. In other words, to get optimal dispersive estimates for the 
perturbed wave group when n > 4 one needs to assume some regularity on the potential. Indeed, 
such estimates were proved in [1] for potentials belonging to the Schwartz class. Getting the 
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minimal regularity of the potential in order to have optimal dispersive estimates for the perturbed 
wave group when n > 4, however, turns out to be a hard problem. The counterexample of [9] 
shows the existence of potentials V G Cq (R n ), Vfc < ^p, for which the perturbed Schrddinger 
group e ltG does not satisfy optimal L 1 — > L°° dispersive estimates. In analogy, one could expect 
that a similar phenomenon occurs for the wave group, too. Thus the natural question is to ask if 

n — 3 

we have optimal dispersive estimates for potentials V G C^ _ (R n ), n > 4. Indeed, such a result 
has been recently proved in [7] for the Schrddinger group e ltG when n = 5,7, while in [1] this 
was previously proved for potentials V G C fc (R n ), k > n = 4, 5. Let us also mention the 
work [5] where L l — > L°° dispersive estimates for e ttG with a logarithmic loss of derivatives were 

n 3 

proved for potentials V E C _ 2 _ (R n ) still in dimensions four and five. To our best knowledge, 
no such results exist for the perturbed wave group e 11 ^ ' . The purpose of this work is to prove 
this when 4 < n < 7. To be more precise, define the sets of functions V|(R n ), C|(R n ), S, k > 0, 
as follows. If k is integer, V|(R n ) (res. C|(R n )) is the set of all functions V G C fc (R n ) satisfying 
respectively 

V\U, k : = sup V (x) 5+lal \8gV(x)\ < +oo, 



sup 



E 

0<|o|<fc 



1^1 



nk 
°<5 



sup 

xew 



\d£V(x)\ < +oo. 



E (*) 

0<\a\<k 

If k = kQ + v with fco > an integer and < v < 1, a function V will be said to belong to 
V|(R n ) (res. C|(R n )) if V € V 5 fc °(R n ) (res. C£°(R n )) and if there exists a family of functions 
Ve G V 5 feo+1 (R n ) (res. C 5 fco+1 (R n )), 0< < 1, such that 



1^1 



V|(Cf) : = 



l^ll v fe o/ c fe ON + sup (0 " ||F - Veil fe , fc , + 6* 1 " ||V6»|| v fco+i/ c fco+ 1 ) ) < +°°- 



Our conjecture is that the perturbed wave group e ltv ^ satisfies optimal dispersive estimates for 
real- valued potentials satisfying (1.4) as well as the condition 



VGV 5 2 (R n ), S>2, 



;i.5) 



(or probably only (1.5)). In the present paper we prove optimal dispersive estimates when 
4 < n < 7 under the following stronger condition: 



V£C S 2 (R r ' 



5 > 



n+l 



;i.6) 



Proving this when n > 8, however, remains an open problem. Given a > 0, choose a function 
Xa G C°°(R), Xa(A) = for A < a, Xa(A) = 1 for A > a + 1. Our main result is the following 

Theorem 1.1 Let 4 < n < 7 and suppose that V satisfies (1.6). Then, for every a > 0, 
0<e<l, 2<p< +oo, t 7^ 0, we have the estimates 



(VG) — X a(VG) 



< C £ta \t\-—, 



a(n—l) 

<c a \t\ — — 



(1.7) 
(1.8) 
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where l/p+ 1/p' = 1 and a = 1 — 2/ p. Moreover, if in addition we suppose that zero is neither 
an eigenvalue nor a resonance of G, then we have the estimates 



Z, 1 — >L° 



, , ri—l 

< C e \t\-—. 



n + l 



e itV C(VG)-^r(G)- e P ( 

■'■'^(Vgj-^p, 



<C e |t|-— log(2+|i|), 

a(n— 1) 

<cir ^ , 

Lp'^-Lp 

where P ac denotes the spectral projection onto the absolutely continuous spectrum of G. 



(1.9) 
(1.10) 
(1.11) 



Remark. In view of the low frequency dispersive estimates proved in [TU] under the assumption 
(1.4), the estimates (1.9) and (1.10) follow from (1.7), while (1.11) follows from (1.8). It is worth 
also noticing that it suffices to prove (1.7) and (1.8) for a 3> 1 as at intermediate frequencies 
the dispersive estimates are proved in [12] under (1.4) only. 

To prove (1.7) and (1.8) it suffices to prove an almost optimal (in h) bound of the L 1 — > L°° 
norm of the operator e lt ^f(hVG), where tp G Co°((0,+oo)) and < h -C 1 (see Theorem 
2.1 below). Then we reduce this problem (using only (1.4)) to estimating the L 1 — > L°° norm 
of 



operators (denoted by Ak below) with explicit kernels (see Theorem 2.2 below). In 
particular, when n = 4, 5 one needs to estimate the L 1 — > L°° norm of only one operator, A± (see 
Section 4), while when n = 6, 7 one must also bound the L 1 — > L°° norm of another operator, A2 
(see Section 5). In higher dimensions the kernels get much more complicated and therefore the 
problem gets much more technical and harder. In fact, the kernels of Ak are oscilatory integrals 
with O (h~ l ) non-smooth phases. Thus, the only way to gain behavior in h is the integration 
by parts with respect to the space variables - roughly speaking, one needs to integrate by parts 
^ n ^ k times the kernel of Ak- This, however, leads to singular integrals, so the most delicate 
point of the proof consists of finding such an integration by parts scheme that allows to avoid 
non-integrable singularities. When k > 2 this turns out to be a very tough problem with 
an increasing complexity as n grows up, as indicated in [7] in the context of the Schrodinger 
equation. In contrast, the analysis of the operator A\ is relatively easy and can be carried out in 
all dimensions n > 4. Note also that a more complicated integration by parts scheme than that 
one we use (see the proof of Proposition 5.5) could probably lead to the estimate (2.1) below 
with e = (when n = 7). However, since the e loss in (2.1) does not affect the proof of the main 
result, we prefer to keep the proof relatively simple and short allowing an e loss in h (in the case 
n = 7) rather than seeking a sharp estimate by much more complicated arguments. We finally 
reduce the problem to bounding singular integrals essentially studied in Section 6 of [7]. The 
bounds we need are actually simpler than those proved in [7] - we sketch the proof for the sake 
of completeness in the appendix of the present paper. Note that our method works also in even 
dimensions, though the proof is more difficult. Indeed, in this case our estimates can be proved 
by applying interpolation arguments (relatively easy when n = 4 and much more complicated 
when n = 6). 



2 Reduction to semi-classical dispersive estimates 

We will first show that the estimates (1.7) and (1.8) follow from the following 
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Theorem 2.1 Let cp S Cq°((0, +00)). Then, under the assumptions of Theorem 1.1, for all 
< h < 1, t ^ 0, < e <C 1, we have the estimate 



n + l 

< C f h~—- 



e ltV °<p(hVG) 

with a constant C e > independent of h and t. 

Remark. When 4 < n < 6, we actually prove (2.1) with e = 0. 
To prove (1.7) we will use the identity 



n-l 
2 



(2.1) 



o-—-'xa(a) = / ifih^h—^dh, 
Jo 

where ip(a) = o- 1- ^"^^) e Co°((0, +00)). Using (2.1) we get 



e^(VG)-^ X a(VG) 



< 



e ltV ^^(hVG) 



7 

/l 2 



< C e |t|-V / h-i+id/t < C 6 |t|-T- 
To prove (1.8) we will use the identity 



_ q(n + l) 

O- 2 Xa(cr) 



ip(ha)h 



a(n+l) 



-1 



a(n + l) 



where y?(c) = cr 1 ! 2 x^ ") £ Co°((0, +°°))- Since the operator Go satisfies (2.1), by Theorem 
2.1 we get 



On the other hand, we have (see Theorem 3.1 of |12j ) 



n + l 

< C f h~—- 



n-l 
2 



L 2 ^L 2 



< C7i, Vt. 



By interpolation between (2.2) and (2.3) we conclude 



AtVG 



^(hVG) - e itVU °(p(h^/G^) 



< C f h 



a(n + 3) 



a (n — 1) 



Lp'^Lp 

for every 2 < p < +00, where 1/p + 1/V = 1, a = 1 — 2/p. Using (2.4) we get 

a(n + l) . /-=, ITT- , /——. _ a(n + l) 



(2.2) 
(2.3) 

(2.4) 



e^(v^)-^Xa(v / G) - e lt ^(VG~o)-^Xa(VG'o) 



Lp'^Lp 



< 



f 1 e itV ^^(hVG)-e itVU " l f{h^G^) 
Jo 



LP'^rLP 



a(n + l) , 

h~ 1 dh 



ot(n-l) 

< CU* - 2 



h -a(l+e) dh < c n 



a (n— 1) 



(2.5) 



provided 2 < p < +00 (i.e. < a < 1) and e is such that a(l + e) < 1. Clearly, (1.8) follows 
from (2.5) and (1.3). 
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Proof of Theorem 2.1. Note that it suffices to prove (2.1) for < h < h$ with some constant 
< /io <C 1 as for < h < 1 it is proved in |12j under (1.4) only. We are going to use the 
formula 



e itx ^{hX) (Rq{\) - R {\)) XdX 



(2.6) 



where R^{\) = (G - A 2 ± iO)" 1 are the outgoing and incoming free resolvents with kernels 
given by 



±i\x — y\ 
4(27^ 



-2u 



-nt(x\x- y \), 



where v = ^^y 2 -, T-i^(z) = z u H^(z), H^r(z) being the Hankel functions of order v. We also have 
the formula 

e itV ^ip(hVG) = (tuT 1 r e itx ip(h\) (R + (X) - R~(X)) XdX, (2.7) 



(2.1 



where R^{X) = (G — A 2 ± iO) 1 are the outgoing and incoming perturbed resolvents satisfying 
the relation 

R ± (X) (l + VRq(X)J = Rq(X). 
Iterating (2.8) m times we get the identity 



m+l 



(2.9) 



(2.10) 



k 

i?±(A) - R±(X) = £ i?±(A) (-V^(A)) ' + i2±(A) (-^(A) 
fc=i 

In view of (2.6), (2.7) and (2.9), we can write 

m 

e uV °<p(hVG) - e lt ^ip(h^G~ ) = ]T A k (t, h) + ft m (t, h) 

k=l 

where A = A^ - A^ , 7£ m = 7£+ ~ 

A±{t,h) = (hm)- 1 J e itx y{hX)R±(X){-VR±(X)) dX, 

ft±(i, /i) = (/i^)^ 1 y e ux ^(hX)R ± {X) (-Fi^(A)J dA, 
where <J5(A) = A(^(A). In the next section we will prove the following 

Theorem 2.2 Suppose that V satisfies (1-4) '• Then, in all dimensions n > 4 and for all < 
/i <C 1, i 7^ 0, we /icrae £/ie estimates 



e i '^(/iv / G) - e ity/u °<p{hy/(h) - ]T AM) 



fc=i 



n + 1 , , n — 1 

< Cft~3- i— 3-. 



L 1 — >L° 



IIA(t,MII 



L 1 — >L°° 



k—n 



t 2" 



Vfc > 1. 



(2.11) 



(2.12) 



Thus, to prove (2.1) when n = 4, 5 it suffices to improve (2.12) in h for k = 1, only, using 
the regularity assumption (1.5), while when n = 6, 7 it suffices to improve (2.12) for k = 1,2, 
using (1.6). This analysis will be carried out in Sections 4 and 5. Note also that in dimensions 
n = 2, 3 the above theorem is proved in [3]. 
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3 Proof of Theorem 2.2 

Set 

r±(A) = i?±(A) (-W2±(A))* , f ±(A) = i?±(A) (-Fi? ±(A 
We will first show that Theorem 2.2 follows from the following 

Proposition 3.1 Under the assumptions of Theorem 2.2, there exists a constant Ao > so that 
if n is odd, for all integers k > 1, < m < we have 



dX r ' 



<c k x 



n-2-k 



(3-1) 



L 1 — >L°° 



for A > Aq. If n is even, (3.1) still holds for < m < ^-r^. Moreover, in this case we also have 



d—Tl 



dX 2 



(Ai; 



dX^ 



± 



■(a 2 ; 



<c k x n l ~ 2 - k \x 1 -x 2 \ 1/ \ 



(3.2) 



for Ai + 1 > A2 > Ai > Aq. These estimates remain valid with T^ replaced by T^ . 



If n is odd, then ^= = In this case (2.12) follows from (3.1) by integrating by parts 
r -^- times with respect to the variable A. Similarly, (2.11) follows from (2.10) applied with 



m 



n— 3 



and (3.1) used with T^ replaced by T^, k = Let now n be even. Choose a 



real-valued function <f> G Cq°([1,2]), 4>>0, such that / (j)(a)da = 1 and set 

T£oW = J T k(* + <r)fa/0)dv, < e < 1. 
It follows from Proposition 3.1 that for < m < X > Aq, we have 



d m Tt e (X) 



dX m 

''"'(^o-T^X) 



<C k X 



n-2-k 



dX r ' 



d^T±(X) 



< c k e 1 ' 2 x n - 2 - k , 



L 1 — 



dAt 



< c k e- l / 2 x n - 2 - k . 



Integrating by parts IL ^ L times and using (3.4), we get 



Integrating by parts ^ times and using (3.3) and (3.5), we get 



(3.3) 

(3.4) 
(3.5) 



(hni)' 1 / e ltx £(hX) (T± (A) - T±(A) ) dA < C^ 1 / 2 /^-™^- — . (3.6) 

j0 V ' 7 L 1 ^L°° 



(/iTri)- 1 / e i *V(/iA)T fc ± e (A)dA < Cfc^-^^ltrf . (3.7) 

>/ ' L 1 — >L°° 
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By (3.6) and (3.7), 

{km)- 1 / e itx cp(h\)T±(\)d\ 
Jo 



< c k h k ~ n \t\-^ ((e\t\) 1/2 + mr 1/2 ) ■ (3.8) 



If \t\ > 1 we take 9 = \t\ 1 in (3.8) to conclude 



A£(t,h) 



< C k h 



k—ni 



(3.9) 



If \t\ < 1 the estimate (3.9) follows directly from (3.1) with m = without integrating by parts. 
The estimate (2.11) follows in precisely the same way using (2.10) with m = ^h^- and replacing 
^byf^. 



Proof of Proposition 3.1. It is well known that the functions rL^ satisfy 

d*Ht(z) = O k (z^) , z>l, 
for all integers k > 0, while at z = they are of the form 

Ht(z) = -H±(z) + z n - 2 logz-H±(z), 



(3.10) 



(3.11) 



where H„ d are analytic, U± 2 = if n is odd. Let G Cg°(R), <£(z) = 1 for \z\ < 1/2, <p(z) = 
for \z\ > 1. Decompose the operator ^^(A) as /Cf (A) + /C^(A), where the kernels of /C^(A) and 
/C^(A) are defined by replacing in the kernel of -R^(A) the function T~lf by (1 — 4>)rlf and 
respectively. 

Lemma 3.2 If n is odd, for all integers < m < and all A > 1, < e <C 1, u>e /iai>e 



d m /Cf (A) 



dA^< 



<x>- 



-1/2-m-e 



+ 



-1/2-m-e d m K,f(\) 



d m /Cf (A) 



( X y 



-l—m—t 



(X) 



+ 



L°°-s.L c 



<x>- 



-1— m— e 



dA m 



ra— 3 

< CA— , 



L^L 2 



< CA" 1 . 



(3.12) 



(3.13) 



L 1 — >L X 



J/n is ewen, (5. 1:2,) and (3.13) still hold for < m < 



~~tt~ . in i/iis case we a/so have with 



m 



n-2 



' d m K ± d m 1C ± \ 



dA^ 



dA* 



(x>- 



-1-m-e ( d K K _ d_^_ {M 



d\ r ' 



d\ r 



71 — 3 



<CX^ lAi-AsI 1 / 2 , 



(3.14) 



L 1 — »L 2 



+ 



dA* 



-3/2-m-e [ a ^2 ^ 



dA^ 



dA r 



d m /Cf 
dA m 



(A 2 



L°°->L°° 

^CA^IAx-AsI 1 / 2 , 



(3.15) 



/or Ai + 1 > A 2 > Ai > 1. 
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Proof. Denote by Kj m (x, y, A) the kernel of the operator — 
we have 

K±(x,y,\) <CX^\x-yr-^ 



: K i^Lj = 1,2. In view of (3.10), 



(3.16) 



On the other hand, it is easy to see that the left-hand side of (3.12) is equivalent to the square 
root of 



sup 



< C'\ n - 6 sup / \x - y 



K± m (x,y,\) {x)- L - 2m - 2e dx 

2m~n+l/^-l-2m-2e dx < 



1 <X>" 



(3.17) 



provided < m < IL ^- . For these values of m we also have, in view of (3.11), 

K± m (x,y,\)\ ^CX-^x-yr^ 1 . 
Thus, the left-hand side of (3.13) is equivalent to 

sup / K± m (x,y,\) (xy'-^dx 
jeR» jr» 

< C'\- 1 sup / \x- yr-" +1 (x)- 1 - m - e dx < OX' 1 . 

jgR" iR" 

To prove (3.14) we will use that given any function / G C 1 (R) and any a > we have the 
inequality 

|/(aAi) - f(aX 2 )\ 2 < a(\f(aX 1 )\ + \f(a\ 2 )\) \f'(aX)\dX 



< 



<t\Xi - X 2 \ (l/C^Ax)! 2 + \f(aX 2 )\ 2 ) + a [** \f(aX)\ 2 dX, (3.18) 

J Ai 



_ d™{{l-4>{zm±{z)) _ _ n -2 _ _ 



dz r ' 



m 



where f(z) = df(z)/dz. Applying (3.18) with f(z) 
and using (3.10), we obtain 

Kt :m (x,y,X 1 ) - K± m (x,y,X2)\ 2 < CX^i - A 2 |. 
Hence, the left-hand side of (3.14) is equivalent to the square root of 

K^ m (x,y,X 1 ) - K^ m (x,y,X 2 ) 2 (x)- n -^d X 



lk 2 A ,a = \x-y\, 



(3.19) 



sup 



< CA^ 3 |Ai - A 2 | / {x)- n -' ze dx < CA?- 3 |Ai - A 



n-2t. 



To prove (3.15) we will use the inequality 



A 2 / A 2 \ l l 2 

|/(aAi) - f(aX 2 )\ < aj^ * \f'(aX)\dX < a\X t - X 2 \ 1 ' 2 U ' \f'(aX)\ 2 dX\ . (3.20) 
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m 



Applying (3.20) with f(zj ^ 



n-2 



, a = \x — y\, and using (3.11), we obtain 



<CA^ 1 |Ai-A 2 | 1/2 |x-y|-V. 



(3.21) 



Hence, the left-hand side of (3.15) is equivalent to 



sup 



K 2,m( x ^y^ A l) ~ K 2,mi x >y, i x ) 2 ^ dx 



< C'X^IX! - X 2 \ 1/2 sup / \x- yr^(x)-^- £ dx < CA^Ai " A 2 | 1/2 - 



□ 



Lemma 3.3 There exists a constant X$ > so that ifn is odd, then for all integers < m < 
and all A > Aq, < e <C 1, we have 



+ 



/„\-l/2-m-€ ^ mfi o( A ) /„\-l/2- 



/_\ -1/2-m-e d m R ± (X) , . 1/2-m-e 



L 2 -^L 2 

< CA _1 . 



(3.22) 



L 2 ^L 2 



7/n is even, (3.22) still holds for < m < *V^. ^ s case ™ e foave mi/i m = ^V 2 - 



+ 



(x>- 



-1— m— e 



cZA m 



1— m— e 



dA 



L 2 ^L 2 



for Ai + 1 > A 2 > Ai > A . 



(A 2 ) <x> 



— l — m—e 



< CX^lXi - A 2 | 1/2 , (3.23) 



L 2 ^L 2 



This lemma is proved in [12] (see Lemma 3.6) and therefore we omit the proof. To prove 
(3.1) and (3.2) observe first that the operator -£jmT k (A), < m < is a linear combination 
of operators of the form 



M^X, mi ,...,m k+1 ) = ^Bt(X) (-V^RtW) - {-Vw^tfiX)) , 

where nij > are integers such that m-i + ... + mk+i < ^rp. Define the operator .M^ by 
replacing in the definition of the operator ifm^i -R^ (A) by ^jk£pl K.f(X). We will prove by 
induction in fc that the operators and satisfy (3.1) and (3.2). Let first k = 1. Then 
the kernel, M x , of the operator satisfies the bound 



Mf(x,y,X) 



< C 



mi— Ti+2 I / ami jt± 



(^fl*) (A|x - |y - e| m2 - n+2 \{dTHt) (A|y - |V(fl|d£ 
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<CX n - 3 [ \x-ir-^\y-^-^\V{0\d^ 

< CA n - 3 J (\x - £\mi+m 2 -n+l + | y _ ^m 1+ m 2 -n+l^ ^-"±1-^ < 

where we have used (3.10). If n is even, we take m = and observe that if m\ + m 2 < 
we have 

Mf{x,y,\ 1 ) -M±(x,y,\ 2 ) 

< c J \ x - eri-»+ 2 1 a mi ^) (Aiix - ei) - (ar ^) (a 2 |x - cdi 



x|y-e| 



m 2 — n+2 I / pan-z tt± 



+c / |x-er- n+2 i(ar i ^)(A 2 |x-ei)i 

iR" 



x Is/ — €1 



TO2— n+2 I /Q1T12 EJ± 



(ar^) (\ x \ y - ci) - (ar (A 2 | y - ei)i i^coi^e 



< cAr 3 |A! - A2I 1 / 2 J (\x - t,r-^\ y - cr~^ + \x- zr-^\ y - zr-^) \v^m 

< CX^ 3 \X 1 - A 2 | 1/2 J (|x - ^pi+"W-«+3/2 + \ y _ ^-«±l_ e ^ 

<CAr 3 |A 1 -A 2 | 1 / 2 , 

where we have used (3.20) together with (3.10). Clearly, the operator Mf can be treated in 
precisely the same way. For k > 2 we have 



< 2 



(P 1 



dA mi 



•A^fc (A, mi, ...,m fc+ i) 

(-^^^o (A) 
•Mfc-i(A,mi,...,mfc) 



+ 



-V 



M k (A, mi, ...,m k+1 ) 
d mk 



d\ m k 



-V- 



dA m fc+i 



/Cf(A) 



+ 

+2 



dA m *+ 



r ^(A) 



(P 1 



dA mi 



L°°^L° 



M k _ 1 {\,m 2 ,...,m k+1 ) 



L 1 — >L°° 



< C 



/C±(A)(x)- 



a?A mi 



-l/2-mi-e 



<x) 



-l/2-m 2 -e 



^-l/2-m fc -e ^ D ± 



dA m * 



^(A)(x> 



L 2 ^L 
l/2-m fc -e 



d m 2 
dA™ 2 



^(A)(x) 



-l/2-m 2 -e 



L 2 ->L 2 



L 2 ->L 2 



^-l/2-m H1 - £ « /cf(A) 



L^L 2 



+C 

+c 



A4 fc _ 1 (A,mi, ...,m k ) 



L 1 — s>L°° 
i f \ \ /^.\ — 1— mi— t 



/C±(A)(x)- 



L°°— >Z,°° 



A4^_ 1 (A,m 2 , ...,m fe+ i) 



•A4fc-i(A,mi,...,m fe ) 



L 1 — ►L 00 



+ CA- 1 



A4^_ 1 (A,m 2 , ...,m fc+ i) 
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where we have used Lemmas 3.2 and 3.3. Therefore, if (3.1) is valid for k — 1 it is also valid 
for k. The bound (3.2) can be proved in precisely the same way using (3.14), (3.15) and (3.23). 
Furthermore, using the resolvent identity 

R^X) - R±(X) = -R±(X)VR ± (X) = -R ± (X)VR±(X) 

together with (3.1) and proceeding as above, one easily obtains 



E 

mi + ...m k+1 <^ 

+CX- 1 



dX m ^ 



E 



m 1 +...m k+l <- 



< cx n - 2 ~ k 



dX m ^ 



L 1 — ►L 



(3.24) 

Taking A big enough one can absorbe the second term in the right-hand side of (3.24) and 
conclude that the operator satisfies (3.1), too. Similarly, it is easy to see that satisfies 
also (3.2). □ 

4 Study of the operator A\ 

In this section we will prove the following 

Theorem 4.1 Suppose that V satisfies (1.5). Then in all dimensions n > 4 we have the 
estimate 

(4.1) 



Af(t,h) 



L 1 — >L° 



< Ch~—\t\- — . 



Proof. Clearly, it suffices to consider the case " — " and t > 0, only. It is easy to see that the 
kernel of the operator A[ is of the form 



where 



/ A h (\x-Z\,\y-Z\,t)V(Od!i, 



A h (a 1 ,a 2 ,t) = .^XfS-y I e itX <p{h\)'H~ [a 1 \)'H~ {a 2 X)dX. 



ih2 3 (2ir] 



Let 4> € Cg°(R), 4>(z) = 1 for \z\ < 1/2, 4>(z) = for \z\ > 1. Decompose the function as 



A h ] + A h \ where 



A { l\a lj a 2j t) 



i/i2 3 (27r)«- 



e itx ip(hX)((l - 0)^;)(a 1 A)((l - c/>)U-)(o- 2 X)dX, 



4Vi>*2,*) 



im^r-i J ^ a ^a) (w;)(<riw;(°2\) + ((i - mu)(^)(m-)(a 2 x)) dx. 

Thus we decompose the operator A^ as A^ + A^ 2 \ where A^ is defined by replacing in the 
definition of Ai the function by A^\ 
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Lemma 4.2 The operator A^ satisfies the estimate 

A<> 2 \t,h) 



L 1 — >-L° 



71—1 n — 1 

< Chr—r—. 



Proof. Clearly, it suffices to show that the function satisfies the bound 

4 2 Vi^,t)| < ch-^t-^ (ar" +2 + ^ n+2 ) • 



(4.2) 



(4.3) 



Since 



it suffices to prove (4.3) for h = 1. To do so, recall that the function 7^ satisfies (3.10) and 
(3.11). Hence, for A G suppy? and all integers < k < l|, we have 



dA^ 



7C(<tA) 



< Ccj— +k , \/<j > 0, 



< C, V<t > 0. 



(4.4) 



(4.5) 



Let < m < | be an integer. Integrating by parts m times and using (4.4) and (4.5) we 
conclude that the function A^ satisfies the bound 



(4.6) 



for all integers < m < [%] and hence, by interpolation, for all real < m < [^]. Taking 
m = ^ in (4.6) we get (4.3) with h = 1. □ 

Proposition 4.3 T/ie operator A^ satisfies the estimate 

A (1) (t,h) 



Z/ 1 — >L°° 



n — 1 

< Chr—r—. 



(4.7) 



Proof. Recall first that (z) = e 42 6„ (z), where h v (z) is a symbol of order We would 
like to integrate by parts ! ^ times with respect to the variable £. Set 

tp(x,t,y) = \x-£\ + \y-t,\, p(x,£,y) = V^(x,^,y) = r + 



|C — 2/1 



We are going to use the identity 



where 



A|p| 5 

Clearly, the function p satisfies the bound 

d?p(x,Z,y)\<C a (\x-t\-^ + \y-(i\-W). 



(4.8) 
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Using (4.8) one can easily see by induction that the operator (A|) m is of the form 



x -m £ r^\x,i,y)dl 

0<\a\<m 



with functions satisfying the bound 



ri m) (*,£,y)| < c m \ P \- 2m+H (\x - er m+H + \y- r m+H ) 



(4.9) 



Observe also that making a change of variables £ — > h£ we can write the kernel of the operator 
A {1) {t,h) in the form 

h -n + 2 f AU(\x'-Z\,\y'-Z\,t')V(hOd{;, (4.10) 

where x' = x/h, y' = y/h, t' = t/h. Let 1 < m < ^K^- be an integer. Integrating by parts m 
times with respect to the variable A we can write the function in the form 



V A [1) 

jl+j2<m 



where 



A^a^a^t) = t~ m J e '( t -^+^))V, 1 j 2 (A)6- jl (c7 1 A)6- j2 ( ( 7 2 A)dA, 
<Pjij2 e Cg°((0,+oo)) and 

Since 6~(z) is a symbol of order for z > 1, we have the bound 



<C j)fc (^-^- fc , Vz>0. 



(4.11) 



Denote by ^ 2 (i, /i) the operator with kernel 



h~ n+2 / Rn 4!L 2 (k' - £1, - 



(4.12) 



Integrating by parts m — 1 times with respect to £ in the integral in (4.12) we write the kernel 
of the operator A^j 2 (t, h) in the form 

(t/h)- m h- n+2 V / / e^'-l^l-lf'^DA-^+V^^CA)^- 1 )^',^^) 

0<|o|<m— 1 

x J2 c a , ai , a2 R ai (x',Z,y',\)d% 2 (V(hO)d^dX, 

\ai\+\a2\=\a\ 

are constants and 



where c, 



^a = ^(6- jl (A|x'-£|)6- j2 (A|y'-£|)). 
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It follows from (4.11) that as long as A 6 supp (fj 1 j 2 we have the bound 
\Ra(x',^y', A) I < C a (x' - M + C a (y' - 



(4.13) 



By (4.9) and (4.13) we obtain 



< 



<c Yl I w,U)\' 2m+2Ma ^ (w - ?r +2+M + y - er+ 2 +M) \d«> (v{ht))\d£ 

0<|a 2 |<m-l R ™ 

<ch' 2 J R ip(x,e, y )r 2m+2+|Q21 (ix-^|- n+2+ i Q2 U|y-er n+2+|a21 ) |a° 2 y(o|^ 



0<\a\<m-l 

x E 

|ai|+|a 2 |=|a| 



0<|a 2 |<m-l' 



< Ch~ 2 \\V\\ v m-i 

2+e' 



x Yl I y)r 2m+2+|a21 - r n+2+M + \ y - ^|-™+ 2 +i^i) (o-^-^ide. 

0<|a 2 |<m-l R ™ 

We need now the following bound proved in the appendix. 

Lemma 4.4 Let < l\ < n — 1, l\ < £2 < n, £2 + £3 > n. Then we have the bound 

sup / | P (x,£,y)r^-£r' 2 <erM<+°o. (4.14) 

■„veR n JR" 



x,yen n 
Thus we conclude that 



A {1 \t,h) 



< c\\v\\ vm -ih m - n r m 

2+e' 



(4.15) 



If n is odd (4.7) follows from (4.15) applied with m = ^y~- Let now n be even. Then there 
exists a family of functions, V#, < 6 < 1, such that 



\\V 6 \\ n-4 +e- l ' 2 \\V -V d \\ n-4 +^ 1 / 2 ||F e || n-2 < C . 



(4.16) 



■2+e' 



To prove the desired estimate in this case we are going to apply interpolation arguments. To 
this end, we will make use of the partition of the unity 



l = 5> fc (A), A>0, 

k=0 



(4.17) 



where 4>o = <j> (the function <p being defined above), ^(A) = </>"(2 k X), k > 1, with a function 
<p s S C£°(R), tt (A) = for < A < 1/2 and A > 1. It follows from (4.16) that the functions 
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satisfy the bound 



V, 



5/2-j + e'/2 

We now decompose the function (4.10) as 

oo 1 



1/2-j 



(4.18) 



EE^ j > 

k=0j=0 



where is defined by replacing in (4.10) the function V by V^' . Clearly, it suffices to show 
that 

l 

{ ~\ > n+l n— 1 

(J) ^ ni-ktoh — —+ — — (4.19) 



r(j) 



j=0 



j„ n + l n — 1 

< C2~ kto h- — t- — , 



with some constant eo > 0. This in turn follows from the following estimates applied with 
9 = h2~ k . 



(i) 

Lemma 4.5 The functions F^ , j = 0, 1, satisfy the estimate 



lrl k \ 1 - 3 

< C2- ke "h~—t-— | — I 



(4.20) 



with some eo > 0. 

Proof. We first integrate by parts + j times with respect to the variable £. Thus we get 

(i) 

that Fy, is a linear combination of functions of the form 



where 



tU) 



J e iHt'-\*'-t\-\y'-Z\) x -^-i md «i ( 6 - o(A | x ' _ ^ ( 6 - q(A |^ _ dA) 



|«i | + |a 2 | + |/3| = \a\ < + j. Let < m < | be an integer. We now integrate by parts m 
times with respect to A to obtain 



& 2 \<c(tr m e / >rfe( A ^-^))ll 5 rte 2 w-^ 

h+j 2 <m J SUPPV> 



dA 



<c(to~ m E (z'-o 

ji+j2<m 



< C(0" m «z' - + (y' - 0) m - O' 2 ^- 1011 ^ - O" 2 ^' 1 " 21 , (4-21) 
where we have used (4.11). By interpolation, (4.21) holds for all real < m < ^ and in particular 

I. iL I 1 / u w •< > 1 1 l i i i it I 1 "i 1 1 I /invit linv u ' i i 1 i i O 1 \ \ v nl \ I ■ i i 1 1 



for to = +^-. Hence, using this together with (4.9), we obtain 



f U) r ^+n 



^citr^tw-^ + iy'-zr 1 ) 



A^ + lail+laal 
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< c(t'r^\ P \- n+A ~ 2j+m (w - er 1 + y - er i ) n_i+J_l/31 . (4.22) 

By (4.18) and (4.22), we obtain 

{t/h)^h n \FP\<C2-MI*(&0/hf' 2 ~ i J2 I \p{x,Ly)\~ n+i - 2j+m 

0<|/3|<^+i Rn 
x (| x _ £|-n+5/2-;+|/3| + | y _ ^ -5/2+^/2- 

which together with Lemma 4.4 imply (4.20). □ 

5 Study of the operator Ai 

In this section we will prove the following 

Theorem 5.1 Suppose that V satisfies (1.6). Then in dimensions n = 6,7 we have the estimate 



A t^ h ) L ^ Loo < C e h- n -¥-*\t\-^ , (5.1) 



for every 0< e< 1. 



B h (a u a 2 ,a 3 ,t) = ^[^t " / e^hX)^ (oiA)?C (a 2 A)?C {a 3 X)dX. 
h,2 5 2tt) — ~ 2 J 



Proof. Clearly, it suffices to consider the case " — " and t > 0, only. The kernel of the 
operator A 2 is of the form 

/ / Bhdx-hllh- U\^-y\,t)v(^)v^ 2 )d^ 2 , 

iR" JR n 

where 

Bu(<7i .(Tn.ai.t\ = 

/i2 5 (2^) ; 

As in the previous section, we decompose the function as Y^j=i &h \ where 

B^\a!,a 2 ,a 3 ,t) = 

h? g ff~2 / e<tA ^( fcA )(( 1 " - 4>)n-)(a 2 x)((i - 4>)n-)(a 3 x)dx, 

h2 5 (2ir)-~ 2 J 

(2) 

B K h ; (o-i,cr 2 ,cr 3 ,t) = 

: ttA ip(hX)( ( l ) 'Hu)(^)'H-(o- 2 X)'H-(a 3 X)dX, 
Bf\ai,(T 2 ,a 3 ,t) = 



(a l0 - 2 o- 3 ) 2 n I itx . 



/i2 5 (2tt) 

(aia 2 a 3 ) 2 ~ n 
h2S{2ir) 3 -r- 2 



e <tA £(/iA)((l _ <j>)n-){a l \){<t>nz){^X)'K{(Tz\)d\ 



B { ff' '(cri, 02,0-3,0 = 



16 



/ l 25(2vr)¥- 2 J 

Thus we decompose the operator as Ylj=i^ \ where B^> is defined by replacing in the 
definition of A% the function Bh by 5 



W)((l - ^-)(a x A)((l - ^-)(a 2 A)(^-)(a 3 A)dA. 



0) 



Proposition 5.2 Let V satisfy (1.6). Then in all dimensions n > 6 f/ie operators B^\ j 
2, 3, 4, satisfy the estimate 



B^(t,h) 



n+1 n— 1 

< C7TT- r— . 



(5.2) 



Proof. The operators B^, j = 2, 4, can be treated in precisely the same way as the operator 
Ai in the previous section, integrating by parts with respect to the variables £2 and £1, respec- 

= 1,2, are defined by 



(3) i 1 

tively. Decompose the function BY as BY ' 1 ' + B 



,(3,1) 



.(3,2) 



where B 



(3,j) 



replacing in the definition of B h the function 'H~(a3\) by ((1 — 4')7~Lv)( a 3^) and (cj)H~)(a^X), 
repsectively. Define the operators B^ , j = 1, 2, by replacing in the definition of B^ the func- 



tion by B^K The operator B 2 3 ^ can be treated in the same way as the operator A^ in 
the previous section with no need of integrating by parts with respect to the variables 6 and 6 • 
The analysis of the operator B\ , however, is more complicated and cannot be carried out as in 
the case of the other operators above. Indeed, to avoid non-integrable singularities at 6 — £2 = 
one needs to proceed differently. The idea is inspired from [7] and consists of integrating by 
parts with respect to the variable 6 + £2 and using the fact that given any smooth function / 
on R n we have the identity 

9/(6-6) 



?(3j) 



9(6 + 6) 



Set 



#0c,6,6,2/) 

We are going to use the identity 



0. 

61 + \y- 61, 
6 - x 



16 



+ 



16 - y\ 



-iA# 



where 

Clearly, the function /x satisfies the bound 



ifj, 



-iA* 



AH 



d£ +6/ i(x, 6, 6, y)| < C a (\ x - 6I~ H + \y- 6|~ K 

Using (5.3) one can easily see by induction that the operator (£| 1 +£ 2 ) m is of the form 

x - m y ^^,6,6,5 



(5.3) 



0<|a|<m 



+6 



with functions satisfying the bound 



<zi m) (*,6,6,y) <c m | M | 



-2m+| 



al (k-6 



-m+|o| 



+ |y - 6 



-m+| 



aft _ 



(5.4) 
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Making a change of variables 6 — > h£i, 6 — > ^6, we can write the kernel of the operator 
Bf\t,h) in the form 

h- n+i I I B^dx'- 61,16- 61,16 -l/Umi^RA, (5-5) 

JR" iR" 

where x' = x/h, y' = y/h, t' = t/h. Let 1 < m < be an integer. Integrating by parts m 
times with respect to the variable A we can write the function B\ ' ' in the form 

,(3,1) 



h+h+33<m 



where 



(5.6) 



B ?/LiM>^^ = r " 1 J ^ (t " (CTl+CT3)) V, 1 j 2 j 3 (A)6- jl ( ( 7 1 A)a- j2 ( f 7 2 A)6- j3 ( ( 73A)dA, 
fh,h,h e Co°((0, +°°)), Kj( z ) * s as m the previous section, and 

a; J (z) = ^-" +2 ^(W)W- 

It is easy to see that the function a~j satisfies the bound 

a~j{z)\ < Cz- n+2 , Vz>0. 

(3 1) 

Denote by B) \ } -ft, h) the operator with kernel 

k ~ n+4 L L ''^'^ ■'' " 6I ' 16 " 6I ' 16 " ^'W^iM^Ri^. (5-7) 
Integrating by parts m — 1 times with respect to 6 + 6 m the integral in (5.7) we obtain 

(t/h)- m h- n+4 E // / e^Ct'-k'-^l-ly'-^DA— hi (A)a - (A , a _ 

0<\a\<m-l J J * njRn 

x<zi m_ V,6,6,y') E c Q , ai , Q2 Q ai (x',6,6,y', A)<9£ 2 +6 (vih^vih^^^dX, 

|ai|+|a2|=|a| 

where c ajQliQ2 are constants and 

Q<* = 9g H2 (K,jM x ' ~ b\)K, j3 W - 61)) • 

It follows from (4.11) that as long as A € swppifij lt j 2 j 3 we have the bound 

|Q Q (x',6,6,y',A)| < c Q (x'-6) m+1 - n - |Q| +c a (y'-6) m+1 " n " |a| - (5.8) 



By (5.6) and (5.8) we obtain 



{t/hTh^\\Bfl h {t,h) 
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< 



L 1 — >-L° 



c £ [ f l^^6,6,yOr 2m+2+H (k / -6r m+1+H + |y , -6r m+1+H ) 
<c y; f f K^,a?/)r 2m+2+|a2l (i^^ 

, JR" JR" v ' 

<C/i~ 4 V / / |M*,£i,6,y)r 2m+2+|a21 (|x-ar n+2+|a2| + |y-6r" +2+|Q21 ) 

„ , JR™ JR™ v y 



0<|a|<m-l ' 

x E 

|ai| + |a2| = |a| 



0<|a 2 |<m-l ' 



0<|a 2 |<«t-l 



m— 1 „ „ 

<ch- 4 Yl E ii^iic- nic- / / iM*.fc.6,v)r 

f ^ii+e' JR" JR" 

P=0 p\+P2=P ^I^ +€ ^^ +£ 



■2m+2+p 



x (| x _ a |-n+2 + p + |y _ 6| -n + 2 + p^ ^ 

We need now the following bound proved in the appendix. 



Lemma 5.3 Let < £\ < n — 1, £± < £2^3 < n — 1, £2 + £4 > n, £3 + £5 > n. Then we have 
the bound 

sup / / iM^ei,e2,y)r' i k-6r' 2 i6-e2r' 3 (6)^ 4 (e2)^ 5 ^id6<+oo. (5.9) 

«£R" JR" JR" 



Thus we conclude that 
i(3), 



m— 1 



p=0 



£±I +e /" lll -« + l +e / 



(5.10) 



If n is odd the desired estimate follows from (5.10) applied with m = Let now n be even. 
Then there exists a family of functions, V#, < 9 < 1, such that 



|| Ve|| ^ +0- 1 / 2 ||V- Ve|| ^ +0 1/2 ||Ve|| <C. 

It follows from (5.11) that the functions 

^ (0) (£i,£ 2 ) = (Vfa) - VefaWfa) + V e (Zi)(Vfa) - V e fa)), 

satisfy the bound 



(5.11) 



(6)^ +e '(6)^ +e '^ 1+f2 ^W(6,6) < CO 1 *-*, (5.12) 



for \a\ < + j. Thus we decompose the function (5.5) as E^ + E^\ where j = 0, 1, is 
defined by replacing in (5.5) the function V(£i)V(£2) by WWfa,^). Clearly, in this case the 
desired estimate follows from the following estimates applied with 9 = h. 
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Lemma 5.4 The functions j = 0, 1, satisfy the estimate 

E U) 



„, n+l n-1 /9\ 1 / 2 - j 

< Ch'—r— \ - I 



hj 



(5.13) 



Proof. We first integrate by parts + j times with respect to 6 + 6- Thus we get that 
is a linear combination of functions of the form 

h' n+4 / Rn / Rn e%l a2 (t', y', 6, 6)<?f^ + V, 6,6,2/')^ (#(^,^)) ^6, 



where 



y e iA(t'-|x'-6|-b'-6l) A -^-^ (A) 



xa- (A|6 - 61)^ (6- (Ak' - 61)) C (6- (A|y' - 61)) d\, 

|«i I + |ck2 I + |/3| = |a| < + j. Let < m < ^ be an integer. We now integrate by parts m 
times with respect to A to obtain 



< c(t'y m 



<c 72 (A|6-6i) 



X 



d £ (KjMW - Zi\))\\dg 2 fe 2 (A|y'-6l 



< C(t'r m l6 - 6r +2 £ - £i> j1 -^ Hqi| <?/ - 6P^ Ha21 
< C(t'r m l6 - 6r+ 2 - 6) + <y' - 6» m (x - - 6>-^ Ha21 , (5.14) 

where we have used (4.11) and (5.6). By interpolation, (5.14) holds for all real < m < | and 
in particular for m = ^p-. Hence, using this together with (5.4), we obtain 



<C(0~— 16-61 



-n+2 



c -61 + to -61 J 

< c(i')-^i6 - e 2 r" + vr" +4 - 2j+l/31 (y - 6I- 1 + to' - 6I- 1 ) 

By (5.12) and (5.15), we obtain 



Qa (x ,6,6,y , 



(5.15) 



n— 4 



{t/h)^h n KCie/h) 1 / 2 ^ £ / / K*,6,6,y)l 



-n+4-2j+p 



X (|X - ^|-»+ 5 /2-i+P + | y _ & |-n+5/2-i+p^ fay 

which together with Lemma 5.3 imply (5.13). 



16-6 



n-2 ' 



□ 
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Proposition 5.5 Let V satisfy (1.6). Then in dimensions n = 6,7 the operator B^ satisfies 
the estimate 

\B^(t,h)\\ L ^ Loo <C e h'^H-^, (5.16) 

for every 0<e<l. 

Proof. Making a change of variables £i — > h£i, 6 — > ^6, we can write the kernel of the 
operator B^\t, h) in the form 

h~ n+4 I I B[ 1 \\x'-^\li 1 -U\&-y'\,t')V(hZ 1 )V(h&)d(; 1 dti 2 , (5.17) 

JR" JR" 

where x' = x/h, y' = y/h, t' = t/h. Let 1 < m < be an integer. Integrating by parts m 
times with respect to the variable A we can write the function in the form 



V B w 

Jl+j2+j3<"l 



where 



¥31,32,33 G ^o°((0> +°°)), Kj( z ) being defined in the previous section. We have to show that the 
operator with kernel 

h- n+i [ [ <;,,,,,!•<•' - Cxi, 16 - 61, 16 - y'\,t')V(h^)V(h^)d^ 2 (5.18) 

satisfies (5.16). Set 

$(z,6,6, 2/) = \x - 61 + 16 - 61 + to - 61, 
pi := V^$(x,6,6,y) = p(^,6,6), P2 •■= V£ 2 $(x,6,6,y) = p(6,6,y), 
«>i = |x - 6T 1 + 16 - 6I~\ ^2 = 16 - 6P 1 + to - 6P 1 - 

We will need the following bounds proved in the appendix. 

Lemma 5.6 Let < l 3 < n - I, j = 1, 2, < £j < n, t,- + £ 5 > n, j = 3, 4. // eit/ier 

min{^i,^ 2 } < min{4,M, max{4,^ 2 } < maxL? 3 ,4}, £ 2 < £4 (if £ 3 > £4) , (5.19) 

4< — 2 — ' «2<mmj — - — (5.20) 

we /iaue i/ie bound 

sup / / |p(x,6,6)r £l to(6,6,y)l"' 2 k-6r' 3 l6-6r £4 (6)^ 5 (6)^^6rf6<+oo. 

i,!/eR™ JR" JR" 

(5.21) 

// either 

mm{£ 1 ,£ 2 } < min{4,4}, max{4,^} < max{f 3 ,4}, 4 < 4 (if £4 > 4), (5.22) 
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or 

£i<mmj — - — ^ 2 < — 2 — ' ( 5 - 23 ) 

we Ziawe i/ie bound 

sup / / |p(x,6,6)r' 1 |p(6,6,y)r' 2 l6 -6r' 3 |y-^r £4 (6)^ 5 (6)^ 5 ^i^ 2 < +00. 

(5.24) 

h < (3, h < h, (5.25) 

we have the bound 

sup / / i/9(x,ei,6)r €i i^i,6,y)r" 2 k-ar" 3 iy-6r' 4 (6)" 4 (6)- 4 ^i^2 < +00. 

i,i/eR» JR n JR" 

(5.26) 

Our task is to gain an additional factor 0(h n ~ 3 ). This can be achieved by integrating by parts 
with respect to £1 and £2- This procedure, however, leads to integrals with singularities which 
could be a priori too strong. Our aim is to perform the integration by parts in such a way that 
at the end we get singular integrals covered by Lemma 5.6. This is far from being obvious and 
probably impossible to do in high dimensions. In our case, however, this is relatively easy if we 
allow an e loss in h. We will first consider the case n = 7. Take m = = 3. We are going to 
integrate by parts once with respect to £2 and then twice with respect to £1 using the identity 



A 3 (A| 1 ) 2 AJ I = £ rjgix^Mdg £ r£>(e 1> 6 > y)flg 



0<|oi|<2 0<|a 2 |<l 



|ai|<2,|a 2 |<l 

= E E iMWi.fc.V^flg' (5-27) 

|ai|<2, |a2|<l »ci,«26©(ai,a2) 

where ga\]a 2 2 = WljW2 (|pi| _2_ ' tl |p2| _1_ ' t2 )) ©(01,02) denotes the set of all integers ki,«2 > 
such that k\ + K2 = 3 — |ai| — |q2|, «i < 2—\a\\. More precisely, using (4.9) one can check that 
the functions g^al satisfy the bounds (with < \(3i\, l/^l < 1): 

^^sSi'^l ^ c'l^ir 2 -' 61 !^! -1- ' 63 ^ 1 ^ 3 (wiiPii^+ti^i^r 1 ) 1 ^ 11 "'"^ 21 . (5.28) 

Thus, using (5.27) we obtain that (5.18) is a linear combination of functions of the form 

*C - ai)) ^ 2 _, 2 fe 2 (Aia - 6D) eg few - 6D) 

xa£ (mo) ^ (k(^ 2 )) deide 2 dA, (5.29) 
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where < \ ai \ < 2, < \a 2 \ < 1, k ± ,k 2 £ 0(a u a 2 ), \^\ + |/3 2 | + |/3 3 | + | 7l | + | 72 | = K| + |a 2 |. 
Clearly, we have < |-yx | < 2, < \j 2 \ < + Set 

A klM {x,^ 2 ,y) = \x- 6P fel (|6 - 6r fe2 + |y - 6r* 2 ) 
+16 - 6r fel (|x - 6r fe2 + |y - 6r fe2 ) + |y - 6P fcl (> - 6r fe2 + 16 - 6l~ fc2 ) • 

Note that there exists a constant c > such that 

\x'-£i\>c, |6-6l>c, |y'-6l>c, 

as long as A|x' -6 1 G supp 6"^, A|6~6| G supp 6~ j2 , A|y'-6| G supp6~ j3 and A G supp^ ilj2j3 . 
Using this together with (4.11) we obtain the bound (in any dimension n) 

€ {KiMV ~ fil)) fe 2 ( A >^ - &D) C W - 61)) 



<cix'-eir-^- |/3i| i6-6 

C(|x'- 61 + 16-61 + 12/' -61 



i2-V-|/3 2 || y /_^|j3-V-|/33| 



< 



<— — ,n-i ,n-i, , r^r 1 f - 61 +16-61 +|y-6l ) 

k -61 2 16 -61 2 \y -61 2 

/,. . n— 1 . n— 1 ,. , n — 1 \ 

c f x' - 6 ~ + 6 - 6 ~ + W - 6 ~ ) 

^(W- 6P + l6-6P + b'-6P) 



k' -61 2 16 -61 2 W -61 2 

< CAn-i +p ^(a/,6,6,2/0 < C^n T i + p(i_ e ),n T i(a ;/ ) 6,6,y / ) ) ( 5 - 3 °) 

for every < £ « 1, where we have put p = + |/3 2 | + |/?3|. We now proceed as follows. If 
|7i| = 2 we integrate by parts once with respect to £ 2 in the integral (5.29). When \ < 1, we 
integrate by parts once with respect to 6 m the integral (5.29) if 1 + k,\ > k 2 , and with respect 
to £1 if 1 + m < k 2 . This procedure together with (4.9), (5.28) and (5.30) (with ^ = 3) lead 
to the bound 



1 4-I71H72I 
|(5.29)| <Ct~ 3 J2 E E E 

J=0 0<|7l|,|72|<2 P=0 Kl , K2G 0»(p) 



R 7 JR 7 



IPlI 



\P2\ 



-2-K 2 +j 



(W - Ci\- Kl(1 ~ e) + 16 - 6r i{1 ' e) ) (16 - 6r K2{1 - e) + W - 6I~ K2(1 ~ £) ) 
x^3 +P (i-e),3(^ / ,6,6,y , )|^ 1 1 (^(^6))| djl{v{hi 2 )) d^db 



1 4-171I-172I 

<c/r 4 - 4e t- 3 ]r E E E 

j=00<| 7 l|,|72|<2 P=0 K1A26 0»(p) 



R 7 JR 7 



\P1\ 



-2-m-j 



\P2\ 



-2-K2+3 



(\x - 6r Ki(1 - e) + 16 - 6r Ki(1 ^ e) ) (i6 - 6r K2(1 " e) + \v- 6r 2(1 - e) ) 

x^3 + p(i- e) ,3^,6,6,y) 1^^(6)1 \dgv(&)\ d^ 2 

\pi\- 2 - K1 - j \ P 2\- 2 - K2+j 



1 4 



< Ch 



_4-4e.-3 



^ 3 EE E 

j =O p=o K1A260 » (p) 



R 7 JR 7 
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x (\x - hr"^ + |6 - 6r i(1 " e) ) (|6 - 6r K2(1 - e) + \y- 6r K2(1 - e) ) 

xA 3+pil ^ l3 (x,^,^,y)(^r 4 - e '(C2)- 4 - e 'd^2 (5.31) 

for every < e ^ 1 and some e' > 0, where @ (p) denotes the set of all integers < n±, k 2 < 3 
such that k\ + K2 < 4 — p, B^(p) denotes the set of all integers 0<ki<1,0<K2<4 such that 
Ki + k-2 < 4 — p. Note that the e loss in (5.31) allows to avoid non-integrable singularities. It is 
not hard to see that the right-hand side of (5.31) is bounded by singular integrals satisfying the 
conditions of Lemma 5.6, which yields the desired estimate in this case. 

Let now n = 6. Then there exists a family of functions, Vq, < 9 < 1, such that 

II^IU +e- l / 2 \\v-v e \y ,+0 1/2 ||^|U ,<c, (5.32) 

7/2 + e' 7/2+e' 7/2+e' 

with some constants C, e' > independent of 6*. In this case we would like to gain a factor 
0(h 3 ). We will modify a little bit the integration by parts scheme used in the case n = 7 above. 
Note first that, as above, we have 



0<|«i|<l 0<|a 2 |<l 



E fa 1 ,a 2 (x,^l,^2,y)d^ 1 1 <9g 



^"2 
?2 

0<|ai|,|a 2 |<l 



= E E fZ&M,b,v)9g9g, (5-33) 

|ai|,|a2|<l Ki,K 2 er2(ai,a2) 

with functions f ai ,a 2 satisfying the bounds (with < \/3i\, |/3 2 | < 2): 

< C\ Pl \- l -^\ P 2\- l -^w? ( Wl \ Pl \- l +W2\ P 2\' 1 ) m+m , (5.34) 

where Q(a>i,a>2) denotes the set of all integers k\, K2 satisfying k\ + K2 = 2 — |ai| — |ck2 | , 
< n\ < 1 — |«i|. We integrate by parts in (5.17) successively with respect to £2 and £1 using 
(5.33). Thus we get that the function (5.17) is a linear combination of functions of the form 

/» -2 j^ 6 ^i,^s(^^.i/.ei,6)/K(^ei,6Y)^ (mo)sg (m 2 ))^6, (5.35) 



where 



idg (b-(X\x' - 6|)) d^ 2 (6-(A|a - 61)) 6g (b-(X\y' - 61)) dX, 



where < |ai|, \a 2 \ < 1, ki,«2 G ^(ai,a 2 ), + |/3 2 | + \Ps\ + I71I + I72I = |«i| + |ck 2 |- Clearly, 
1 7i I < I c^i 1 , 1 72 1 < [0:2 1 - We will consider two cases. 

Case 1. I71I = I72I = 1. Then we have |«i| = |«2| = 1, Pi = P2 = P3 = 0, K\ = K2 = 0. Set 

Y klM = h~ 2 [ [ n ,o,o(t / ^ / ,y / ,6,6)/^%(x / ,6,6,y / ) 
xd£ {Vih^dJl (V(h^))4> kl (\pi\- 1 ) 4> k2 (\P2\- 1 ) d£ide 2 , 
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with <pk satisfying (4.17). Clearly, it suffices to show that 

\Y klM \ < C2- eo(kl+k ^h- 7 / 2 t-V 2 , (5.36) 
for some eo > 0. To do so, we decompose the function dJ^V($,i)dJ 2 V(^ 2 ) as Z)|=i Wj, where 
^(6,6) = djl {Vfo) - Vefo)) djl - V e fa)) , 

It follows from (5.32) that 

(6) 7/2+e '(6) 7/2+e Vi(6,6) + (6) 7/2+e '(6) 7/2+e 'C^(6,6 



+ 



(ei) 7/2+e '(6) 7/2+e 'C^(6,6) + # (ei) 7/2+£ '(6) 7/2+£ '^ 1 i a 5 Q 2 2 ^4(6,6) <c, (5.37) 



for all < |ai|,|a 2 | < 1. Write 



where Y^\ 2 is defined by replacing in the definition of lfci,fc 2 the function dj^ {V(h^i))dJ 2 (V(h^ 2 )) 

by /,- 1 r ; (/^ .../<,;. 



Yi. 



Lemma 5.7 XTie functions Y^ J k2 , j = 1,2,3,4, satisfy the estimates 



Y, 



(i) 



(2) 



Y, 



ki,k2 



Y, 



(3) 



Y, 



(4) 



fci,fc 2 



7i2 fc i+ fe 2 

< (72~ e °( fel+fc2 )/i~ 7 / 2 t~ 5 / 2 , 

< (72 _e °( fel+A '' 2 )/i _7 / 2 ^ 5 / 2 , 
/i2 fcl+fc2 



fel,fc2 

< (72~ e(, ( fcl+fe2 )/i~ 7 / 2 t~ 5 / 2 



(5.38) 

(5.39) 
(5.40) 

(5.41) 



for some eo > 0. 



Proof. Let < m < 3 be an integer. We integrate by parts m times with respect to A to 
obtain 



dX 



\u ,o,o\<c(tr m E / ^(Ak'-^ii) &- j2 (Aia-6i) ^ 2 (A|2/-6I 

< C(t'r m «*' - 6) + (6 - 6) + (y - 6» m - - e 2 )-f (y' - , (5.42) 
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where we have used (4.11). Clearly, (5.42) holds for all real < m < 3 and in particular for 
m = 5/2. Using this together with (5.34) and (5.37), we get 



Yr 



(i) 



< (7fl/i- 9 /V 5 / 2 2~ fcl(ei+1) 2~ fe2(e2+1) 

iPir^ ei iP2r 2 - e2 A5A5/2(^,6,6,y)(6)- 7/2 - e '(e 2 )- 7/2 - e '^i^2. 



■ kl,k2 

I— 2— ei I „ i-2-, 



/R6 JR6 

Thus (5.38) follows from this estimate and Lemma 5.6, provided < £1,62 <C 1 are properly 

chosen. To get (5.39) we first integrate by parts once with respect to £2- Thus we obtain that 

(2) 

y fci fca is a linear combination of functions of the form 



u$ (f, x', y', 6, &W;> (x',y', a, {W 2 (Ku H2)) dZid&, 



R 6 J-RP 



where 



u 



# = I e ^-l*'-€il-l€i-&l-l»'-6l)A-V(A)^ 2 ' (&;(A|z' - - Z 2 \KW - 61)) dX, 

v$ = r${^ 2 ,y')dl (/£° a2 (*',£i,&,y')<fe (iPil" 1 ) <fe (IP2I- 1 )) , 
a'\ + \/3'\ + |7'| = 1. As above, integrating by parts with respect to A, we obtain 

<C(t')- 5/2 A 5/2+Pt5/2 (x',^^ 2 ,y'), 

where p = \a'\. On the other hand, by (4.9) and (5.34), we have 

< c2- fe ^2-^vr i - £ i|p 2 r 2 - K - e2 da - &\- k + 16 - y'D , 



«2 } 

a 



(5.43) 



(5.44) 



where k = \/3'\. By (5.37), (5.43) and (5.44), we obtain 

1 1-p 



Y, 



(2) 



„_n > — n R 6 ^ R 6 



— re— £2 



p=0re=0' 



x (16 - 6r + 16 - y\~ K ) A 5/ 2 +p ,5/2(x,ei,6,y)(a)" 7/2 " e '(6)- 7/2 - e '^id6, 

which together with Lemma 5.6 yield (5.39). The estimate (5.40) is proved in the same way 
switching the roles of £1 and £ 2 - To get (5.41) we integrate by parts successively with respect 
to £2 and £1 using (5.33). Thus we obtain that Y^ k is a linear combination of functions of the 
form 

L L> u «U {t '> x> > y/ ' & v ?U {x '> ^ ^& 9 t d t (^(^1, ^2)) ^1^2, 



where 
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\a'j\ + \/3'j\ + \ = 1, j = 1, 2, k' 2 G ^(/?i, /3' 2 ). As above, integrating by parts with respect to 
A, we obtain 

' < C(t , )- 5 /% /2+P) 5 /2 (x , ,6,6,y'), (5-45) 



,( 2 ) 



where p = | ct^ | + |a 2 |. On the other hand, by (5.34), we have 

< C2' kl{tl ~ 1) 2~ k2{t2 ' 1) \ P i 



v {2) 



1 — Kl— £1 |p 2 |~ 1 ~ K2 ~ £2 



x (|x - 6P K1 + 16 - 6r Kl ) (16 - 6r K2 + \y - 6r 2 ) , 

where Kj = <■ + |#| + |/3 2 |, j = 1,2. By (5.37), (5.45) and (5.46), we obtain 



(5.46) 



y(4) 
ki,k 2 



p=0/t 1 , K2 eni ) (p) 



IPir 1 -" 1 - 61 !^!- 1 -" 2 - 62 (|x - 6r Kl + 16 - 6I~ K1 ) (16 - 6r 2 + \y- 6. 

x%2 +P ,5/2(^,6,6,y)(6)" 7/2 " £ '(6)" 7/2 " e 'd6d6, (5.47) 

where fj"(p) denotes the set of all integers < k±, k 2 < 3 such that Ati + k 2 < 4 — p. Again, the 
integrals in the right-hand side of (5.47) are bounded by integrals satisfying the conditions of 
Lemma 5.6. □ 

If h2 kl+k2 < 1 we take 6 = h2 kl+k2 to conclude that in this case (5.36) follows from Lemma 
5.7. If h2 kl+k2 > 1 the function Y^,^ clearly satisfies (5.38) with 9 = 1, which again implies 
(5.36). 

Case 2. |7i| + I72I < 1. We will proceed as follows. If 71 = 0, I72I = 1, we integrate by parts 
once with respect to 6j an d if 72 = 0, |7i| = 1, we integrate by parts once with respect to 6- 
When 71 = 72 = 0, we integrate by parts once with respect to £1 if k\ < k 2 , and with respect 
to £ 2 if n\ > K2- Then, as in the proof of (5.39) above, one can easyly see that in this case the 
function (5.35) satisfies the estimate 



|(5.35)| <Ch- 7 / 2 t- 5 / 2 E 

p=° Ki,K 2 eo b (p) 



R 6 JR 6 



(I 



Pi I + \P2\ 



xipir i - Ki ip 2 r 1 ~ K2 (\x - 6r Ki + 16 - 6r Ki ) (16 - 6r a + \v- 6r K2 ) 



; ^5/2+p,5/2(^,6,6,y)(6) 



-7/2-£' (e2) -7/2-£' 



(5.48) 



where &(p) denotes the set of all integers < k\, k 2 < 2 such that k\ + k 2 < 3 — p. It follows 
from (5.48) and Lemma 5.6 that in this case the function (5.35) is O (V 7 / 2 i~ 5 / 2 ) , which is the 
desired result. □ 



27 



Appendix A 

In this appendix we will sketch the proof of Lemmas 4.4, 5.3 and 5.6 following [7J (see Section 
6). 

Proof of Lemma 4-4- It suffices to consider the integral in (4.14) in the region O := {£ 6 
R n : \p(x,£, y)\ < po}> where < po < 2, as the bound (4.14) is trivial in \p\ > p . Set 
£>i = {£ 6 O : \x - £| < \y - f |}, 2 = {i £ O : \y - £\ <\x - f |}. Denote by £* the orthogonal 
projection of £ on the line xy. On 0\ we introduce new coordinates £ = (r, £) G R x R™ _1 , 
where r = |x — £*| and £ is the coordinate on the plane perpendicular to xy. It is easy to see 
(e.g. see the proof of Theorem 3.3 of [7]) that in 0\ we have |£ — y\ ~ \x — y|, |£ — x| ~ r, 
< r < |cc — y\, 

\p(x,Z,y)\>QQ, C>0, (A.l) 

T 

(0~(C-Co) + (t-t >, (A.2) 
where (to,Co) denotes the origin in the new coordinates. We have 



\p(x,ty)\- £l \x-^(0- £3 dC 

Ox 



oo 



< C / / r^ 2 ((C - Co) + (r - To))"' 3 |Cr*dCdr 

JO J\(\<T 

= C I ...dr + C I ..At := J x + J 2 . 



JO 

Ji<C f 1 f T ei - &2 \(\- £l d(dT <C f 1 T n ~ l - l2 dT < Const. 

JO J\C\<r JO 



'\<\<T 

To bound J2 we will consider three cases. 
Case 1. l\ + £3 < n — 1. Then we get 

/•OO /■ /"OO 

J 2 < C / / t £i ^ 2 |C - Col^lCr^dC*- < C / r™- 1 -^^ 3 ^ < Const. 

Jl J\C\<T Jl 

Case 2. + £3 = n — 1. Then £3 > and for every < e< 1, we get 

/*oo /• /*oo 

h<C \ \ T £l - e2 \C - Co\' e3+e \C\~ h dCdT < C / r ™-i-*»-As+e dT . < Const. 

Jl J|C|<r Jl 

Case 3. ^1 + £3 > n — 1. Then, since £1 < £2, for every < e <C 1, we get 

/*oo /* 

■h<C \ \ T £l ~ £2 {T - T ) n ~ l - ei - £s+€ {( - (o)- n+1+h ~ e \(\- h d(dT 

Jl J\C\<T 



<Cj^ T^{ T - T^-^-^dT 
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On O2 we introduce the coordinates £ = (t, C) £ R- x R n , where r = |y — £*| and C is as above. 
In 02 we have |£ — x\ ~ |x — y\, |£ — ?/| ~ r, < r < \x — ?/| as well as (A.l) and (A. 2). We have 
as above 

\p(x,Z,y)\- e *\x-Z\- e *{Z)- i *dZ 



o 



< C\x - y\-'* f X ~ Vl [ r* «C - Co) + (r - to))-' 3 \C\~ £l dCdr 

JO J\C\<r 

<C r [ ((C - Co) + (r- To))"' 3 KrMdT < Const. 

jo j|CI<t 



□ 



Lemma 5.3 can be derived from the following 
Lemma A.l Let < i\ < n — 1, l'i < £' 2 < n — 1, £' 2 + ^3 > n. Then we have the bound 

I N-^i-6r^<6r £ ^6 < Ca(x,^,y)-^, (A3) 

JR' 1 

where a(x,^,y) denotes the angle between the vectors ^x and y£. 
Indeed, in view of Lemma A.l, we obtain 

/ / H-^|6 -x|-4% -Z2\- ea (Si)- e *(Z2)- t *dZ 1 dZ 2 

JR" JR" 

<C / a{x^y)-^ x - x\-^{i x r^ x . 

JR" 

In the same way as in the proof of Lemma 4.4, one can see that this integral is bounded from 
above by a constant. 

Proof of Lemma A.l. We will follow the proof of Theorem 3.5 of [7j. Clearly, I := {£2 : M = 
0} = {u + t( x ~ Ci)) * > 0}- We will only study the hardest case when < a -C 1. Denote by JT 
the cone {£ : Z(y£,a;£i) < ao}, where < «o *C 1 is some constant. Clearly, in R n \ K we have 
IH > MO) where < /xo < 2 is some constant. Therefore, it suffices to study the integral in K. 
On X we write the variable £2 in new coordinates (r, () 6 Rx R n , where r = \y — £| being 
the orthogonal projection of £2 on the line Z, and C is the coordinate on the plane perpendicular 
to I. In K, we have 

Hx,£i,6,y)|>— , C>0, (A4) 

r 

as well as (A. 2) with £ replaced by £2- Let (ti,Ci) be £1 in the new coordinates. Clearly, 
r i ~ |y — Ci| and |Ci| ~ a|y — Ci|- Thus we have 



JK 



<C / T e 'i\(\- e 'i (|r - n| + |C - Cil)"'' 2 «C " Co) + (r - ro))-^ dCdT . (A5) 
Jo J|CI<t 
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If r > 2\y — 6| or r < |y — 61/2, we have |r — T\\ > t/C, C > 1, and in this case the right-hand 
side of (A. 5) is bounded by 

POO P 

C / / |C|-4 ((C _ Co) + (r _ To) )^3 dCdr . 

JO J|C|<t 

This integral can be bounded from above by a constant in the same way as in the proof of 
Lemma 4.4. If \y — 61/2 < r < 2|y — 61, we have |Ci| ~ or, and in this case the right-hand side 
of (A. 5) is bounded by 

C / r^lCr^K - Cil^' 2 ((C - Co) + (r - ro))-^ dCdr 

< C / 2 '^ 61 / T^i|Ci|-^ (|CI^ + IC - Cir'' 2 ) «C - Co) + <r - To))" 4 d^r 

< Cor'* r [ (|Cr^ + |C - Ci|-'' 2 ) ((C - Co) + (r - r ))-4 dCdr. 
Again, this integral can be bounded as in the proof of Lemma 4.4 above. □ 
Lemma 5.6 is a consequence of the following 

Lemma A. 2 Let < £[,£'2 < n - 1, < £' 3 ,£' 4 < n, £' 3 + £' 5 > n, £' 4 + £' 5 > n. We also suppose 
that maxj^,^} < minjfg,^}. T/ien we have the bounds 

I \pi\-^\p2\-^i -*r € 3<ar^i < ca(*,6,yr £2 , (a.6) 

/ 1^11^1^21^16 - 61^(6)^^1 < Ca(x,^,y)-^ e '^. (A7) 
Morever, the bounds remain true if we switch the roles 0/(6, x) and (£2,?/) • 

We will only prove (5.21) since (5.24) and (5.26) can be treated in the same way. We will 
first prove (5.21) under the condition (5.19). If is < ^4, by (A. 7), we obtain 

/ / \ P i\- h \ P 2\- h \ti -*r*% -6r £4 (Ci)- £5 (6)- fe ^i^ 2 

JR n JR" 

< C [ a(*,£i,yr min{ ^ 2} |6 -x\' e * 
iR" 

If £3 > £4, then £1 < ^3, ^2 < ^4- In this case we use the inequality 

16 - x\~^i - &r u <\ x - 6I~ £4 (16 - x\~ l * + |6 - 

together with (A.6) and (A. 7) to obtain 

/ / iPir' i iP2r' 2 i6-^r' 3 i6-6r' 4 (6)- 4 (6)-' 5 rf6^2 

JR" JR" 

< c [ «(x,6,yr' 2 l6 - x|^ 4 (6)^ 5 ^2- 
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In the same way as in the proof of Lemma 4.4, one can see that these integrals are bounded 
from above by a constant. Suppose now (5.20) instead of (5.19). If min{4,4} < min{4)4}j 
then (5.20) implies (5.19). Let now min{4,4} > min{£3, -£4}. In this case we use the inequality 

where £' x = min{4,4}, £' 2 = 2£ 2 - min{4,4}, i" = 24 - min{4,4}, t% = min{4,4}- It is 
easy to see now that (5.20) implies that (£[,£'2), {£'{,£'2) satisfy (5.19). 

Proof of Lemma A. 2. Again, we will follow closely the proof of Theorem 3.5 of [TJ. We have 

h ■= {& : pi = 0} = {6 + t{x - 6), < t < 1}, h ■= {£1 : P2 = 0} = {6 + t(6 -y),t> o}. 

We will only study the hardest case when < a <C 1. Denote by K\ (resp. K2) the cone 
{£ : ^(£2^, 2/^2) < «o} (resp. {£ : Z(x£,x£ 2 ) < cko}), where < «o *C 1 is some constant. 
Clearly, in R n \ K\ we have |pi| > po, |p 2 | > po, while in R n \ K2 we have \p\\ > po, where 
< po < 2 is some constant. We will first study the integrals in the region K = K\ n K 2 . Set 
0[ := K n {£ : \i - £ 2 | < |f - z|}, 0\:= KC\{i :\i-x\ <\i- £ 2 |}. On 0* we write the 
variable £1 in new coordinates (r, C) € R x R n_1 , where r = |£ 2 ~~ £*|> £1 being the orthogonal 
projection of £1 on the line I2, and C is the coordinate on the plane perpendicular to l 2 . In 0\, 
we have < r < \x - £ 2 |, |£l — £ 2 | ~ r, |£x - as | ~ |£ 2 - x|, 

|p(6,6,y)l > — , C>0, (A8) 
r 

as well as (A. 2) with £ replaced by £1. Moreover, the line l\ in these coordinates can be written 
as (t, ( t ) with |£ T | ~ ar, and we have 

|p(s,ft,fr)| > c|c ~ Ct| , C>0. (A.9) 
r 

Thus we have 

< C|x - f^' / ^ ( (C - Co) + (r - ro))"^ iCl^lC " Crl-Vdr 



< Clx - e 2 |~^ f / tA44 ((C - Co) + (r - r »-^ 
Jo J|CI<r 

x |^|-min{£' 1 ,£' 2 } ^j-max^.^} _|_ |£ _ £ r |~ max {<V 2 }J ^C^T 

< Ccr^Vv® r I r™*^'^ ((C - Co) + (r - r ))-^ 
Jo J|CI<t 

x (icr max{n '^ } + ic - c T r max{ ^ } ) (aio) 

<C r [ t^+M (ft - Co) + (r - r ))-4 icicle - C.l^^r 
Jo J|CI<t 
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< COT min W^> f r max W) ^}-^ ((c _ C()) + {t _ To)) -e> 5 

JO J\(\<T 

The integral in the right-hand side of (A. 10) and (A. 11) can be bounded from above by a 
constant in the same way as in the proof of Lemma 4.4. The integrals over 0\ can be studied 
similarly with the main difference that in this case we take r = \x — (£*\, £** being the orthogonal 
projection of 6 on the line h, and ( is the coordinate on the plane perpendicular to l\. In this 
case we have < r < \x — 6I> 16 — x \ ~ T i 16 — 61 ~ 16 — 

|p(*,6,6)l>^, O0. (A12) 
And if the line l\ in these coordinates is written as (r, ( T ), we also have \( T \ ~ a|6 — ar| and 

\p(Zi,Z2,v)\> CIC ~ Ct1 , C>0. (A13) 
r 

It remains to bound our integrals in the region K\ \ K. We write the variable £1 in new 
coordinates (r, Q £ R x R n_1 , where r = |6 — 6I> £1 being the orthogonal projection of £1 
on the line Z2, and £ is the coordinate on the plane perpendicular to li- In K\ \ K, we have 
t>\x- 61, 16 - 61 ~ t, and 

|p(*,6,6)l>Po>0, (A14) 

|p(£i,&,J/)l>— , C>0, (A15) 
r 

as well as (A. 2) with £ replaced by £1. Let (r x ,6) be x in the new coordinates. Clearly, 
t~x ~ \% — 61 and \( x \ ~ a|x — 61- Thus we have 



/ |p 2 |-^|6-6|-^(6)-^d6 

<C l°° I r e '^\C\-^ «C " Co) + (r - r ))-^ d(dr < Const, (A16) 
Jo J\C\<t 

[ |P2|-^l6-^l^(6)-^d6 

JKiXK 

<C [°° ( t%C\^ (|r - r x | + |C - 61)-^ ((C - Co) + (r - r ))^ dCdr 

/ + / / r^|C|-^ (|r - r x | + |C - 6|)~ 4 ((C - Co) + <r - r ))^ dCdr 

:=/i + / 2 . (A17) 

If r > 2|x — 61) we have |r — r x | > t/C, C > 1, and the integral ii is bounded by a constant 
as in (A. 16). If \x — 61 < T < 2|x — 61, we have ~ err. To bound I 2 we will consider two 
cases: 

Case 1. <£' 3 <n- 1. Then 

J 2 < C / 2 '^ 2 ' / r^|Cx|-^ (|C|-^ + IC - Cr 4 ) ((C - Co) + (r - To))^ dC^ 
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< Ca< / / (|C|-^ + |C - U<) (C - (o)- n+W 'Hr - T )-^'^d(dT 
Jo J\c\<r v 7 



< CoT** \ (t-toY 
Jo 



■I'-l'+n-l 



Case 2. n - 1 < £' 3 < n. Then 



h < C I' 1 * 61 / T^|C|-^|C - Cx|- n+1 - £ |r - T^+n-l-e ((C _ Co) + (r _ ro) )-4 ^ 

J\x-a 2 \ Jk\<t 



<C [ 2lX 61 / T e z\C X \- e *(\(\- n+1 - e +\(-( X \- n+1 - £ ) 

x|t - r,|-^+"-i-^ (( C - Co) + (r- T ))-^ d^r 

< ca-^ /°° / (icr +1 ~ e + ic - c*r +1 ~ e ) (c - c r 2, 

Jo J\C\<T v 7 



X|T - T x \-^ +n - L -'{T - T )-^ +Ze d(dT 



< Ca~^ / |t - r«|-^ +n - 1 - e (T - ro)-^ +2e dr < Ca^ 



□ 

Appendix B 

To prove (2.1) (with e = 0) in all dimensions n > 4, one is led to bound oscilatory integrals of 
the kind 

h(h,m)= [ ... [ e^' h a m V{i 1 )...V{i k )di 1 ...di k , 

JR.™ JR" 

where 

tp = \x-^i\ + |6 - 61 + ••• + 16-1 - 61 + 16 - y\, 

a _ \x - 61 + 16 - 61 + - + I6-1 - 61 + 16 - y\ 
\x - 6116 - - 6116 - y\ 

x,y £ R™, k > 1, 1 < m < n and < h <C 1. The key point is the following estimate which 
seems hard to prove for k > 2 and all n > 4. 

Conjecture. jfjfV satisfies (1.6), then 

n — 1 
IT" 

mf/i a constant C > independent of x,y and h. 



Ik[h, 



< ch ki > n -vi\ 



Note that when n = 5 this conjecture is actually proved in [7]. 
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